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Logarithmic comparison theorem and D-modules: an overview
Tristan Torrelli1
Abstract. LetD ⊂ X be a divisor in a complex analytic manifold. A natural
problem is to determine when the de Rham complex of meromorphic forms on
X with poles along D is quasi-isomorphic to its subcomplex of logarithmic
forms. In this mostly expository note, we recall the main results about this
problem. In particular, we point out the relevance of the theory of D-modules
to this topic.
Introduction
Let X be a complex analytic manifold of dimension n ≥ 2. Given a di-
visor D ⊂ X , we denote j the natural inclusion X\D →֒ X . Let Ω•X(⋆D)
denote the complex of meromorphic forms on X with poles along D. From the
Grothendieck Comparison Theorem [17], the de Rham morphism
Ω•X(⋆D) −→ Rj∗CX\D
is a quasi-isomorphism. In particular, if X = Cn, then for each cohomology
class c ∈ Hp(Cn\D,C), there exists a differential form w ∈ ΩpX(⋆D) such that
for any p-cycle σ on Cn\D, one has c(σ) =
∫
σ
w.
It is natural to ask what one can say about the form w. For example, if D
is a complex submanifold then the order of the pole of w can be taken to be
1. The question of the order of the pole goes back to P.A. Griffiths [16]. We
recall that a meromorphic form w ∈ ΩpX(⋆D) is logarithmic if w and dw have at
most a simple pole along D; let Ω•X(logD) ⊂ Ω
•
X(⋆D) denote the subcomplex
of logarithmic forms with pole alongD, introduced in full generality by K. Saito
in [25]. In the initial case of normal crossing divisors, P. Deligne [14] proved
that the filtered morphism (Ω•X(logD), σ) →֒ (Ω
•
X(⋆D), P ) where P is the pole
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order filtration and σ is induced by P , is a quasi-isomorphism compatible with
filtrations. This fact was crucial in order to defined a mixed Hodge structure
on the cohomology of a quasi-projective algebraic variety. Hence, one says that
D satisfies the logarithmic comparison theorem if
LCT(D) : The inclusion Ω•X(logD) →֒ Ω
•
X(⋆D) is a quasi-isomorphism.
A natural problem is therefore to find classes of divisors satisfying this condi-
tion, and also to understand its meaning. Initiated by F.J. Castro-Jime´nez, D.
Mond and L. Narva´ez-Macarro [9], this problem has been intensively studied
these last years. In this note, we gather together the main open questions2
and the main results. Essentially, they were obtained for hypersurfaces with
isolated singularities, hyperplane arrangements and free divisors (see §1). In
this last case, we recall the characterization in terms of D-modules due to the
Sevillian group around F.J. Castro-Jime´nez and L. Narva´ez-Macarro (Theo-
rem 2.3). Finally, we explain how enlightening this viewpoint is for the general
study of the condition LCT(D) (see §3).
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1 Main results about LCT(D)
There are few families of divisors for which this condition LCT(D) has been
studied. Indeed, it is difficult to work directly with the complex Ω•X(logD)
since we do not have in general a description of the logarithmic forms.
1.1 The case of weighted homogeneous hypersurfaces
with an isolated singularity
We recall that a polynomial h ∈ C[x] = C[x1, . . . , xn] is weighted homogeneous
of weight d ∈ Q+ for a system α = (α1, . . . , αn) ∈ (Q
∗+)n if h is a (nontrivial)
C-linear combination of monomials xγ11 · · ·x
γn
n with
∑n
i=1 αiγi = d. In other
words, we have the relation χ(h) = dhwhere χ is the Euler-vector field α1x1∂1+
· · ·+ αnxn∂n associated with α.
2See the appendix.
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As usual, the case of weighted homogeneous polynomials defining an iso-
lated singularity at the origin provides combinatorial formulas in terms of the
weights associated with the Jacobian algebra Ah = C[x]/(h
′
x1
, . . . , h′xn). D.
Mond and M. Holland [18] have obtained the following characterization:
Theorem 1.1 Assume that n ≥ 3. Let h ∈ C[x] be a weighted homogeneous
polynomial of degree d for a system α ∈ (Q∗+)n. Assume that h defines an
isolated singularity at the origin. Let D ⊂ Cn be the hypersurface defined by
h. The following conditions are equivalent:
1. The logarithmic comparison theorem holds for D.
2. The link of 0 in D is a Q-homology sphere.
3. There is no weighted homogeneous element in Ah whose weight belongs
to the set {k × d−
∑n
i=1 αi ; 1 ≤ k ≤ n− 2} ⊂ Q.
In particular, the logarithmic comparison theorem does not hold in general
(see also Proposition 3.2). For example, if h = x21 + · · ·+ x
2
n then we can take
d = 2, α1 = · · · = αn = 1 and Ah = C1. Thus LCT(D) is satisfied if and only
if n = 2 or n is odd.
1.2 The case of hyperplane arrangements
Let D be a finite union of affine hyperplanes H in X = Cn, i.e. H = {αH = 0}
where αH ∈ C[x1, . . . , xn] are polynomials of degree one. We can associate with
D the C-subalgebra of Ω•X(⋆D) generated by 1 and the 1-forms dαH/αH . Let
R•(D) denote this algebra of differential forms. It is well known that R•(D)
is isomorphic to the so-called Orlik-Solomon algebra. Moreover
Theorem 1.2 [2] For all k ≥ 0, we have Rk(D) ∼= Hk(X\D,C).
On the other hand, we can consider the following complex of C-vector
spaces: 0 → R0(D)
0
→ · · ·
0
→ Rn(D) → 0 as a subcomplex of Ω•X(logD).
Thus, a natural question is: does the logarithmic comparison theorem hold for
any hyperplane arrangement? This was conjectured by H. Terao in [28]. This is
true for tame arrangements (such as free arrangements, generic arrangements
or complex reflection arrangements) and when n ≤ 4 (see [33]). But in general,
the question is still open.
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1.3 The case of free divisors
Let OX be the sheaf of holomorphic functions on X . Given a divisor D ⊂ X ,
we will denote by hD ∈ OX,m ∼= O = C{x1, . . . , xn} a defining equation of D
at m ∈ D.
A holomorphic vector field v is logarithmic along D if for any point m ∈ D,
v(hD) belongs to hDOX,m. Let Der(−logD) denote the (coherent) OX-module
of logarithmic vector fields. We recall a property studied by K. Saito in [25].
Definition 1.3 A divisor D ⊂ X is free at the point m ∈ D if Der(−logD)m
is OX,m-free. It is a free divisor if Der(−logD) is locally free.
From the inclusions hDDer(OX)m ⊂ Der(−logD)m ⊂ Der(OX)m, the rank
of Der(−logD) is also equal to n.
Example 1.4 Free divisors appear in many different contexts.
(i) Normal crossing divisors are free. Indeed, in local coordinates such that
hD = x1 · · ·xp, then
Der(−logD) = Ox1∂1 ⊕ · · · ⊕ Oxp∂p ⊕O∂p+1 ⊕ · · · ⊕ O∂n.
(ii) Plane curves are free (K. Saito [25]).
(iii) Complex reflection arrangements are free (H. Terao [29]). For example,
the braid arrangement, defined by
∏
1≤i<j≤n(xi − xj) in C
n, is free.
(iv) The discriminant of a versal deformation of an isolated complete in-
tersection singularity is a free divisor (see [26]; [21], Corollary 6.13; [1]).
Most of the known results about the logarithmic comparison theorem have
been obtained for free divisors. Indeed, the logarithmic de Rham complex
Ω•X(logD) is also explicit. More precisely, because of the duality between
Ω1X(logD) and Der(−logD), Ω
1
X(logD) is also a free OX-module and we have
ΩqX(logD) =
∧q Ω1X(logD) for 1 ≤ q ≤ n (see [25]). Firstly, we have the
following characterization for plane curves:
Theorem 1.5 [5] If D ⊂ X = C2 is a plane curve, then the logarithmic
comparison theorem holds if and only if D is locally weighted homogeneous.
This last condition means that for all m ∈ D, there exists an analytic
change of coordinates φ such that hD ◦ φ is a weighted homogeneous poly-
nomial; for example, weighted homogeneous hypersurfaces with an isolated
singularity and hyperplane arrangements are locally weighted homogeneous.
This unusual condition is the suitable one in this context for doing inductions
on the dimension of D (see the proof of Proposition 3.1 for example). More
generally, we have
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Theorem 1.6 [9] Let D ⊂ X be a locally weighted homogeneous free divisor.
Then the logarithmic comparison theorem holds for D.
Among the free divisors in Example 1.4, the one given in (i), (iii) and some3
of (iv) are locally weighted homogeneous.
The converse is false in general. For example, h = x1x2(x1+x2)(x1+x2x3)
defines a free divisor D ⊂ C3 such that LCT(D) is true and h is not weighted
homogeneous (see [5], §4). Meanwhile, h belongs to the ideal of its partial
derivatives. In other words, there exists locally a vector field v such that
v(hD) = hD; one says sometimes that h is Euler-homogeneous. In fact, we
have no example of a free divisor D = V (h) verifying LCT(D) which is not
Euler-homogeneous. This is true for a Koszul-free divisor (see Definition 2.2,
Theorem 3.4); moreover, M. Granger and M. Schulze [15] have obtained the
following result:
Theorem 1.7 Let D = V (h) ⊂ X = C3 be a free divisor. If the logarithmic
comparison theorem holds for D, then h is Euler-homogeneous.
For n ≥ 4, this question is still open (see [5], Conjecture 1.4) and it can be
extended for a general divisor.
2 A differential viewpoint for free divisors
Here we recall how the condition LCT(D) may be interpreted in terms of DX-
modules for free divisors D ⊂ X , as it was initiated by F.J. Caldero´n-Moreno
in [4].
2.1 Preliminaries
Given a complex analytic manifold X of dimension n ≥ 2, we denote Ω•X
the complex of holomorphic differential forms on X and (DX , F•) the sheaf
of linear differential operators with holomorphic coefficients filtered by order.
Locally at a point m ∈ X , we have OX,m ∼= O = C{x1, . . . , xn} and DX,m ∼=
D = O〈∂1, . . . , ∂n〉; moreover we identify gr
FD with O[ξ] = O[ξ1, . . . , ξn].
The so-called Riemann-Hilbert correspondence of Z. Mebkhout and M.
Kashiwara (see [20], [23], [24]) asserts that there is an equivalence of cate-
gories between the category hr(DX) of (left) regular holonomic DX-modules
and the one of perverse sheaves PervX(C) on X via the de Rham functor
hr(DX) −→ PervX(C)
M 7−→ DR(M) = Ω•X ⊗OX M.
3For more details, see [9].
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Roughly speaking, a perverse sheaf onX is a special type of complex of sheaves
on X whose cohomology groups are constructible in C-vector spaces of finite
dimension on a stratification of X . For example, OX is regular holonomic and
DR(OX) = Ω
•
X is quasi-isomorphic to the constant sheaf CX by the Poincare´
lemma.
2.2 On the perversity of Ω•
X
(logD)
Given a divisor D ⊂ X , we consider the sheaf OX(⋆D) of meromorphic func-
tions with poles along D. As OX(⋆D) is regular holonomic, the meromorphic
de Rham complex DR(OX(⋆D)) = Ω
•
X(⋆D) is a perverse sheaf too. Thus
it is natural to investigate conditions on D in order to get the perversity of
Ω•X(logD). In the case of free divisors, this question was studied by F.J.
Caldero´n-Moreno and L. Narva´ez-Macarro in [4], [8]. They obtained the fol-
lowing characterization:
Theorem 2.1 Let D ⊂ X be a free divisor. Then the logarithmic complex
Ω•X(logD) is perverse if and only if the following conditions are satisfied:
1. the complex DX ⊗
L
VD
0
(DX)
OX is concentrated in degree 0;
2. the DX-module DX ⊗VD
0
(DX) OX is holonomic.
From [11], we say also that D is of Spencer type. Here VD0 (DX) ⊂ DX is the
coherent sheaf of rings4 of logarithmic operators [4] (that is, P ∈ DX such that
locally P · (hkD) ⊂ h
k
DO for any integer k). Let us notice that this condition 1
has no clear meaning. Thus, the problem is now to find (geometrical) criteria
on a free divisor to be of Spencer type (see [8], §5). The only known condition
is to be a Koszul-free divisor (see [4], Theorem 4.2.1).
Definition 2.2 A free divisor D ⊂ X is Koszul-free if there exists locally a
basis5 {δ1, . . . , δn} of Der(−logD) such that the sequence of principal symbols
(σ(δ1), . . . , σ(δn)) is gr
FD-regular.
For example, plane curves and locally weighted homogeneous free divisors are
Koszul-free [25], [6], [7]. This notion means also that the free divisor D has a
holonomic stratification in the sense of K. Saito (see [25], §3; [3], Proposition
6.3; [4], Corollary 1.9).
Finally, we make the remark that being Koszul-free is not necessary for
the perversity of Ω•X(logD); for example, the free divisor D ⊂ C
3 defined by
4For some results about this sheaf for a general divisor, see [27].
5In fact, every basis of Der(−logD) satisfies this property when D is Koszul-free.
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x1x2(x1 + x2)(x1 + x2x3) is not Koszul-free but Ω
•
X(logD) is perverse [4], [5].
On the other hand, the complex Ω•X(logD) is not perverse for any free divisor.
For example, the divisor (x51 + x
4
2 + x
4
1x2)(x1 + x2x3) = 0 is free but not of
Spencer type (see [8], §5).
2.3 A differential characterization of LCT(D)
Let us now give a differential analogue of condition LCT(D). F.J. Castro-
Jime´nez and J.M. Ucha-Enr´ıquez began work on this problem in [10] & [11],
and they obtained a characterization for free divisors of Spencer type [12].
For a general free divisor, we have the following generalization6 due to F.J.
Caldero´n-Moreno and L. Narva´ez-Macarro [8]:
Theorem 2.3 Let D ⊂ X be a free divisor. Then the inclusion
Ω•X(logD) →֒ Ω
•
X(⋆D)
is a quasi-isomorphism if and only if the following conditions are satisfied:
1. the complex DX ⊗
L
VD
0
(DX)
OX(D) is concentrated in degree 0;
2. the natural morphism
ϕD : DX ⊗VD
0
(DX)
OX(D) −→ OX(⋆D)
is an isomorphism.
Here OX(D) denotes the V
D
0 (DX)-module of meromorphic functions with at
most a simple pole along D. Unfortunately, this characterization is no more
explicit than condition LCT(D); meanwhile, condition 1 is verified by Koszul-
free divisors.
A key point in the proofs of Theorems 2.3 and 2.1 is the relationship be-
tween the duals of any integral logarithmic connection over the base ring DX
and VD0 (DX) (see [11]; [8], §3). In particular, the holonomic DX-modules
DX ⊗VD
0
(DX) OX(D) and DX ⊗VD0 (DX) OX are dual when D is a free divisor of
Spencer type, and we have DR(DX ⊗VD
0
(DX)
OX(D)) ∼= Ω
•
X(logD). A general-
ization of this duality has been obtained in [13].
3 Towards an algebraic analogue of LCT(D) ?
In this part, we explain how useful the DX-modules are in the general study
of the condition LCT(D).
6In fact, they obtained this result for any integral logarithmic connection (see [8], Theo-
rem 4.1).
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3.1 Preliminaries
What can one say about the free divisor D when the morphism ϕD is an
isomorphism? First, we have locally VD0 (D) = O[δ1, . . . , δn] where {δ1, . . . , δn}
is a basis of Der(−logD) [4], and O(D) ∼= VD0 (D)/V
D
0 (D)(δ1+ a1, . . . , δn+ an)
with δi(hD) = aihD, 1 ≤ i ≤ n. Hence the morphism ϕD is given locally by
ϕD : D/I˜
log −→ O[1/hD]
P + I˜ log 7−→ P ·
1
hD
where I˜ log ⊂ D is the left ideal generated by AnnD 1/hD ∩F1D. In particular,
it is bijective if and only if the two conditions
A(1/hD) : the left ideal AnnD 1/hD of operators annihilating 1/hD is gener-
ated by operators of order 1,
B(hD) : the D-module O[1/hD] is generated by 1/hD,
are satisfied. From a well known result of M. Kashiwara (see [19], Proposition
6.2), this last condition means that −1 is the only integral root of the Bernstein
polynomial of hD. We recall that the Bernstein polynomial bh(s) of h ∈ O at
the origin is the (nonzero) unitary polynomial b(s) ∈ C[s] of smallest degree
which satisfies a functional identity of the form:
b(s)hs = P (s) · hs+1
with P (s) ∈ D[s] = D ⊗ C[s] (see [19]). This is an analytic invariant of the
ideal hO. When h ∈ O is not a unit, it is easy to check that −1 is also a root
of bh(s). For example, if h = x
2
1 + · · ·+ x
2
n then bh(s) = (s+ 1)(s+ n/2) with
the functional identity:
(s+ 1)(s+
n
2
)hs =
1
4
[
∂
∂x1
2
+ · · ·+
∂
∂xn
2 ]
· hs+1 .
3.2 The conditions B(hD) and LCT(D)
The differential viewpoint above is relevant since it was not at all clear that
for a free divisor, LCT(D) needs the condition B(hD); in particular, every
locally weighted homogeneous free divisor D satisfies the condition B(hD) at
any point (Theorem 1.6 with Theorem 2.3 or Proposition 3.1, or more directly
[11], Theorem 5.2). Moreover, from the inclusions
Ω•X(logD) ⊂ Ω
•
X ⊗ (D · 1/hD) ⊂ Ω
•
X ⊗O[1/hD] = Ω
•
X(⋆D) (1)
it appears natural that conditions LCT(D) and B(hD) are linked for any
divisor D. As an illustration, we have the following result:
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Proposition 3.1 Let D ⊂ X be a divisor which satisfies the condition LCT(D).
Assume that one of the following conditions is satisfied:
1. The divisor D is free except at isolated points.
2. The divisor D is locally weighted homogeneous.
Then B(hD) is satisfied at any point of D.
Proof. Firstly we prove the assertion when the condition 1 is satisfied. Let
U ⊂ X be a neighborhood of a point m ∈ D such that D ∩ U is free at
any point different from m. Let hD be a defining equation of D on U . From
Theorem 2.3, the condition B(hD) is satisfied at any point in D ∩ U − {m} -
since D is free at such a point. In particular, the DU -module C in the short
exact sequence
0→ DU ·
1
hD
j
−→ OU (⋆D) −→ C → 0
is supported at m. We just have to prove that C is zero. The associated long
exact sequence of de Rham cohomology provides the short exact sequence of
C-vector spaces
0→ HnDR(DU ·
1
hD
) −→ HnDR(OU(⋆D)) −→ H
n
DR(C)→ 0.
In particular, Hn(j) is injective. On the other hand, the condition LCT(D)
is satisfied; hence, we deduce from the inclusions (1) of de Rham complexes
that the morphisms H i(j) : H iDR(DU(1/hD)) −→ H
i
DR(OU (⋆D)), 0 ≤ i ≤ n,
are surjective. Therefore Hn(j) is an isomorphism, that is, HnDR(C) = 0. From
classic results about D-modules supported at a point (see [22] for example), C
is necessarily zero and the condition B(hD) is satisfied at any point of D.
Now, we assume that D is locally weighted homogeneous. Let us prove
the assertion by induction on dimension. If n = 2, then D is locally defined
by a (reduced) weighted homogeneous polynomial in two variables; thus we
can conclude as in the proof of Proposition 3.2 below. Let us assume that
n ≥ 3 and let m denote a point in D. From [9], Proposition 2.4, there exists a
neighborhood U of m such that, for each point w ∈ U ∩D, w 6= m, the germ
of pair (X,D,w) is isomorphic to a product (Cn−1 ×C, D′ ×C, (0, 0)) where
D′ is a locally weighted homogeneous divisor of dimension n − 2. Moreover,
the condition LCT(D) implies that LCT(D′) is satisfied on a neighborhood
of the origin (see [9], Lemma 2.2). Let hD′ ∈ OCn−1,0 be a local equation of
D′. By using the induction hypothesis, the DCn−1,0-module OCn−1,0[1/hD′ ] is
generated by 1/hD′, thus so is OCn−1×C,0[1/hD′]. In particular, the condition
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B(hD) is satisfied at any point in D ∩ U − {m}. We conclude with the first
part of the proof. 
In particular, LCT(D) implies the condition B(hD) for any divisor D with
isolated singularities. For a general divisor, this question is open.
3.3 The conditions A(1/hD) and LCT(D)
From [31], Proposition 1.3, the condition A(1/h) implies B(h) for any nonzero
germ h ∈ O; in particular, A(1/hD) is a local analogue of LCT(D) for any
Koszul-free divisor D, and more generally, for any free divisor of Spencer type
(from Theorem 2.3; see also [12]). Is LCT(D) locally equivalent to A(1/hD)
in general? This question is motivated by the following significant results.
Firstly, this is true for weighted homogeneous hypersurfaces with an isolated
singularity.
Proposition 3.2 Let h ∈ C[x] be a weighted homogeneous polynomial. As-
sume that h defines an isolated singularity at the origin. Let D ⊂ Cn be the
hypersurface defined by h. Then the logarithmic comparison theorem holds for
D if and only if the condition A(1/h) is satisfied.
Proof. Under our assumptions, the condition A(1/h) is in fact equivalent to
B(h) by Theorem 3.5. On the other hand, the polynomial bh(s) is given by
the formula bh(s) = (s+ 1)
∏
q∈Π(s+ |α|+ q) where α ∈ (Q
∗+)n is the system
of weights such that the degree of h is equal to 1, the expression |α| denotes
the sum
∑n
i=1 αi ∈ Q
∗+, and Π ⊂ Q+ is the set of the degrees of the weighted
homogeneous elements in Ah = C[x]/(h
′
x1
, . . . , h′xn) (see [34], §11). We recall
that n − 2|α| is the maximal element of Π; in particular, A(1/h) is satisfied
if n = 2 and so is LCT(D) (Theorem 1.5). Moreover, the set Π is symmetric
about (n/2)− |α|; hence, we deduce easily that B(h) is equivalent to the last
condition of Theorem 1.1 when n ≥ 3. This completes the proof. 
Moreover, the condition B(hD) is satisfied by any hyperplane arrangement
(A. Leykin [32], Theorem 5.1), and the condition A(1/hD) is true for the union
of a generic arrangement with a hyperbolic arrangement [31]; this agrees with
Terao’s conjecture (see §1.2). The general problem is still open, and condition
A(1/h) may only be necessary. A difficulty is the lack of families of divisors
which satisfy the condition LCT(D).
3.4 The condition A(1/h)
Let h ∈ O be a nonzero germ such that h(0) = 0. We give here some results
about the meaning of the condition A(1/h) (see [31]).
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First, we have the following easy criterion:
Lemma 3.3 Let h ∈ O be a nonzero germ such that h(0) = 0. Assume that
the following conditions are satisfied:
H(h) : h belongs to the ideal of its partial derivatives;
B(h) : −1 is the smallest integral root of bh(s);
A(h) : the ideal AnnD h
s is generated by operators of order 1.
Then the ideal AnnD 1/h is generated by operators of order 1.
Proof. By Euclidean division, we have also a decomposition
AnnD[s] h
s = D[s](s− v) +D[s]AnnD h
s
where v is a vector field such that v(h) = h (condition H(h)). Moreover,
under the condition B(h), the ideal AnnD 1/h is obtained by fixing s = −1 in
a system of generators of AnnD[s] h
s. 
Reciprocally, what does remain true? We recall that the condition A(1/h)
always implies B(h). On the other hand, does A(1/h) imply H(h)? This is
true for isolated singularities [30], Koszul-free germs, and suspensions of unre-
duced plane curve zN + g(x1, x2) (see [31]); this question is still open. Finally,
the condition A(1/h) does not imply A(h) in general. Indeed, Caldero´n’s
example h = x1x2(x1+x2)(x1+x2x3) satisfies LCT(D), A(1/h), B(h), H(h)
and notA(h) (see [4], [5], [6], [10], [31]). Meanwhile, condition A(h) is not un-
realistic, since we have the following characterization ofA(1/h) for Koszul-free
germs:
Theorem 3.4 [31] Let h ∈ O be a Koszul-free germ. Then the left ideal
AnnD 1/h is generated by operators of order one if and only if the conditions
H(h), B(h) and A(h) are satisfied.
Moreover, condition A(h) is satisfied when h defines an isolated singularity
(see below). Thus, we have
Theorem 3.5 [30] Let h ∈ O be a germ of holomorphic function defining
an isolated singularity. Then the ideal AnnD 1/h is generated by operators of
order one if and only if the germ h is weighted homogeneous and the condition
B(h) is satisfied.
In fact, the condition A(h) may be considered almost as a geometric con-
dition. Indeed, the following condition implies A(h):
11
W(h) : the relative conormal space Wh is defined by linear equations in ξ
since Wh = {(x, λ dh) : λ ∈ C)} ⊂ T
∗Cn is the characteristic variety of Dhs
[19]. For example, W(h) is true for hypersurfaces with an isolated singularity
[34] and for locally weighted homogeneous free divisors [6].
Appendix
The following diagram summarizes the expected relations between the con-
ditions studied in this note:
D is a central  
arrangement
PSfrag replacements
§1.3 §3.4
§3.3§1.2
§3.2
§3.3
[32]
[31]
LCT(D) A(1/hD)
B(hD)
H(hD)
Here D denotes a general divisor, and the solid headed arrows represent
the open questions.
References
[1] Aleksandrov A. G., Euler-homogeneous singularities and logarithmic
differential forms, Ann. Global Anal. Geom. 4 (1986) 225–242.
[2] Brieskorn E., Sur les groupes de tresses [d’apre`s V. I. Arnold], se´minaire
Bourbaki, 24e`me anne´e (1971/1972), Exp. No. 401, pp. 21–44. Lect. Notes
in Math., Vol. 317, Springer, Berlin, 1973.
[3] Bruce F.W., Roberts R.M., Critical points of functions on analytic
varieties, Topology 27 (1988) 57–90.
[4] Caldero´n-Moreno F.J., Logarithmic differential operators and log-
arithmic de Rham complexes relative to a free divisor, Ann. Sci. E´cole
Norm. Sup. 32 (1999) 577–595.
12
[5] Caldero´n-Moreno F.J., Castro-Jime´nez F.J., Mond D.,
Narva´ez-Macarro L., Logarithmic cohomology of the complement of
a plane curve, Comment. Math. Helv. 77 (2002) 24–38.
[6] Caldero´n-Moreno F.J., Narva´ez-Macarro L., The module Df s
for locally quasi-homogeneous free divisors, Compos. Math. 134 (2002)
59–74.
[7] Caldero´n-Moreno F.J., Narva´ez-Macarro, L., Locally quasi-
homogeneous free divisors are Koszul free, Tr. Mat. Inst. Steklova 238
(2002) 81–85
[8] Caldero´n-Moreno F.J., Narva´ez-Macarro L., Dualite´ et com-
paraison sur les complexes de de Rham logarithmiques par rapport aux
diviseurs libres, Ann. Inst. Fourier 55 (2005) 47–75.
[9] Castro-Jime´nez F.J., Mond D., Narva´ez-Macarro L., Cohomol-
ogy of the complement of a free divisor, Trans. Amer. Math. Soc. 348
(1996) 3037–3049.
[10] Castro-Jime´nez F.J., Ucha-Enr´ıquez J.M., Explicit comparison
theorems for D-modules, J. Symbolic Comput. 32 (2001) 677–685.
[11] Castro-Jime´nez F.J., Ucha-Enr´ıquez J.M., Free divisors and dual-
ity for D-modules, Tr. Mat. Inst. Steklova 238 (2002) 97–105.
[12] Castro-Jime´nez F.J., Ucha-Enr´ıquez J.M., Testing the logarithmic
comparison theorem for free divisors, Experiment. Math. 13 (2004) 441–
449.
[13] Castro-Jime´nez F.J., Ucha-Enr´ıquez J.M., Quasi-free divisors and
duality, C. R. Acad. Sci. Paris 338 (2004) 461–466.
[14] Deligne P., E´quations diffe´rentielles a` points singuliers re´guliers, Lect.
Notes in Math. 163 (1970).
[15] Granger M., Schulze M., On the formal structure of logarithmic
vector fields, arXiv.org math.AG/0412014. To appear in Compos. Math.
[16] Griffiths P.A., On the periods of certain rational integrals I, Ann. of
Math. 90 (1969) 460–495.
[17] Grothendieck A., On the de Rham cohomology of algebraic varieties,
Pub. Math. I.H.E.S. 29 (1966) 95–105.
[18] Holland M., Mond D., Logarithmic differential forms and the coho-
mology of the complement of a divisor, Math. Scand. 83 (1998) 235–254.
13
[19] Kashiwara M., B-functions and holonomic systems, Invent. Math. 38
(1976) 33–53.
[20] Kashiwara M., The Riemann-Hilbert problem for holonomic systems,
Publ. RIMS, Kyoto Univ. 20 (1984) 319–365.
[21] Looijenga E.J.N., Isolated singular points on complete intersections,
London Mathematical Society, Lecture Note Series 77 (1984).
[22] Malgrange B., Le polynoˆme de Bernstein d’une singularite´ isole´e, Lect.
Notes in Math. 459 (1975) 98–119.
[23] Mebkhout Z., Une e´quivalence de cate´gories. Une autre e´quivalence de
cate´gories, Compos. Math. 51 (1984) 51–88.
[24] Mebkhout Z., Le the´ore`me de positivite´, le the´ore`me de comparaison et
le the´ore`me d’existence de Riemann, Se´minaires et Congre`s 8, Soc. Math.
France, Paris (2004) 165–310.
[25] Saito K., Theory of logarithmic differential forms and logarithmic vector
fields, J. Fac. Sci. Univ. Tokyo 27 (1980) 265–291.
[26] Saito K., Primitive forms for a universal unfolding of a function with an
isolated critical point, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 28 (1982)
775–792.
[27] Schulze M., A criterion for the logarithmic differential operators to be
generated by vector fields, arXiv.org math.CV/0406023.
[28] Terao H., Forms with logarithmic pole and the filtration by the order of
the pole, Proceedings of the International Symposium on Algebraic Ge-
ometry (Kyoto University, Kyoto, 1977) (Kinokuniya Book Store, Tokyo,
1978) 673–685.
[29] Terao H., Free arrangements of hyperplanes and unitary reflection
groups, Proc. Japan Acad. Ser. A Math. Sci. 56 (1980) 389–392.
[30] Torrelli T., Polynoˆmes de Bernstein associe´s a` une fonction sur une
intersection comple`te a` singularite´ isole´e, Ann. Inst. Fourier 52 (2002)
221-244.
[31] Torrelli T., On meromorphic functions defined by a differential system
of order 1, Bull. Soc. Math. France 132 (2004) 591–612.
[32] Walther U., Bernstein-Sato polynomial versus cohomology of the Mil-
nor fiber for generic hyperplane arrangements, Compos. Math. 141 (2005)
121–145.
14
[33] Wiens J., Yuzwinsky S., De Rham cohomology of logarithmic forms
on arrangements of hyperplanes, Trans. Amer. Math. Soc. 349 (1997)
1653–1662.
[34] Yano T., On the theory of b-functions, Publ. R.I.M.S. Kyoto Univ. 14
(1978) 111–202.
15
